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Introduction 

In  the  past  many  formulations  of  higher  spin  (s  >  1/2)  wave 
equations  have  been  given.  Among  these  several  have  had  a  more 
or  less  Dlrac-llke  form,  "^  These  formulations  all  utilize  high- 
er rank  \andors  (i.e.,  l|.-spinors)  , 

By  utilizing  an  algebraic  rather  than  an  undor  approach 
this  paper  will  develop  Dlrac-llke  wave  equations  for  higher 
spin  particles  in  what  (we  believe)  is  the  simplest  possible 
form.  The  technique  which  will  be  employed  is  a  straightforward 


1.  F.  J.  Bellnfante,  Physica  6,  87O  (1939). 

2.  W,  Rarita  and  J.  Schwinger,  Phys.  Rev.  60,  6I  (1914-1). 

3.  H.  A.  Kramers,  F,  J,  Bellnfante,  and  J.  K.  Lubanskl,  Physica 
8,  597  (19i;l). 

I;,  H.  Feshbach  and  W,  Nichols,  Annals  of  Physics  k,   kkQ    (1958). 


«, 


•leelqrrti;:-  '  iii^i? 


:H   .vr     ,S 


«        I 


extension  of  the  technique  employed  in  deriving  Dirac-llke  wave 
equations  for  massless  particles,'' 

The  wave  equation  for  a  particle  of  spin  s  has  the  form 


(Y  .V^+  m)i^  =  0   ,  (1.1) 

r 


where  m  is  the  mass  of  the  particle,  the  y's  are  8s  x  8s  square 
matrices  satisfying  the  usual  Dirac  relations 

tY^,,Yv3+  =  2g^^   ,  (1.2) 

and  ^   is  an  8s-co.raponent  vjcive  function  in  which  2s-l  components 
are  put  equal  to  zero.   The  spin  l/2  equation  is  the  usual  Dirac 
equation.  As  will  be  seen,  this  is  a  rather  degenerate  case. 

The  wave  equations  described  above  ore  covariant  under  the 
proper  orthochronous  Lorentz  group  and  also  lender  time-reversal 
transformations.  They  are  not,  however  (except  for  s  =  1/2),  co« 
variant  imder  space  inversion  transformations.  Equations  inva- 
riant vinder  space  inversion  can  be  obtained  from  those  of  type 
(1.1)  by  simply  doubling  the  number  of  components  of  "if ,     These 
equations  are  l6s-dimensional  (except  for  s  =  l/2)  and  again 
have  the  form  (1,1)  where  the  y,,  matrices  again  satisfy  (1,2). 


5,  J.  S.  Lomont,  Phys.  Rev.  Ill,  1710  (1958). 

6,  Greek  indices  run  from  0  to  3,  Latin  Indices  from  1  to  3 
n  =  c  =  1  ,  -  gQQ  =  g^^  =  g22  =  g33  =  1  , 

x°  =  t  ,  x^  =  X  ,  x^  =  y  ,  x^  =  z  ,  V^  =  ^/^y^^  , 

t  and  f  mean  transpose  and  hermitian  conjugate  respectively. 
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Finally,  it  should  be  raentioned  that  this  approach  also 
yields  multiple  spin  equations  of  Dirac-like  form, 

2.  General  Theory 
VJe  shall  begin  by  assuming  that  our  wave  equation  has  the 
form 


(Y  V^  +  m)il/  =  0  (2.1) 


where 


t  V^vU  =  2g^^   .  (2.2) 

Furthermore,  we  shall  assume  that  under  the  infinitesimal  Lorentz 
transformation 


(2.3) 


5x^  =  O^^^x 


(0^^  =  .  (jy-^     , 


The  wave   function  t  londergoes   the   transformation 


6*  =  -  I  a'^^K^^t  (2,5) 


V  =   -  ^H      •  '2-^' 


where  the  infinitesimal  transformations  K  ..  satisfy  the  usual 
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Lorentz  group  conduction 


and  the  usual  covariance  condition 

fY^^V^-  "  ^AvY^x  -  SAixYv   •  (2.8) 

The  covariance  of  the  wave   equation   (2.1)    is  now  easily 
shown. 

5|(Y;^V'^  +  m)t}  =  r^i^V^)^  +    (Y^^V'^  +  m)5i|/ 

(2.9) 


=  ^'^aV,* 


=   0      . 


Nov;  we  shall  find  all  possible  matrix  forms  of  the  y's  and 
K»s  by  finding  all  irreducible  representations  of  the  y's  and 
K's.   If  we  let 

M   =  K   +  hr   .Y  ]  (2.10) 
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we  see  that 


f^KvV^-  "  ^kAv  "•  ^Av^.tx  -  Skv%  -  Sx^t^^v   (2.11) 


and 


t^x^M^^].  =  0   .  (2.12) 

Consequently  If 

Yx  ->   °(Yp,) 


V  ->  ^(V^ 


is  a  finite-dimensional  irreducible  representation  we  see  from 
(2.2),  (2.11),  and  (2.12)  that 

D(r;^)  =  I^"^*"^  ®  Y;^     (m,n  =  0,|,1,|)       (2.13) 

D(M^v>  =  D^'^'^'^M^^)  ®  I^^)  ,•  (2.1l|.) 

where  r-^    on  the  right  side  of  (2.13)  is  the  usual  l|  x  I4.  Dirac  r^f 
]-(rfi,n)  j^g  ^j^g  ^2m  +  1)  (2n  +  1) -dimensional  unit  matrix,  I^^^  is 
the  l|-dimensional  unit  matrix,  and  d(^"*"^(M   )  is  a  (2m  +  l)(2n +1)- 

dimensional  irreducible  representation  /\_  ^  of  the  Lie  algebra 

^  — ^m,n 

of  the  homogeneous  Lorentz  group.  Let  us  call  the  representation 
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of  the  y's  and  K's  defined  by  (2.13)  and  (2.II4.)  f      .   The  dimen- 


m,n 


sion  of  f^  n  ^^  ^^^^   ■*■  l^(2n  +  1). 

Let  ^  -5  be  the  Lorentz  Lie  Algebra  generated  by  the  K's,  and 
let  rZ,  „  be  the  representation  of  <^_->  "subduced"  by  restricting 

Q  „  to  oLy  •  We  shall  no\-i   decompose  P  i  into  a  direct  sum  of 
'ni,n  'in,n 

irreducible  representations  /\   ,      ,  of  ^(.^^ ,  Let 


K=  (K23,K^3^,K^2^    !!  =  (^23'^31'%2^  ^^'^^^ 

%=   (Koi,Kq2,Kq3)   9/^=  (Mq^.^Io2'^03^         (2.16) 


C. 


^   Tf2  ^^^-2         p,  ^  m2  _  i,  2 


1  ""  5.  "IV         ^1  =  Jl  ''^(  (2.17) 

Co  =  K  .11  D^  =  M  .  W  (2.18) 

It  is  then  a  straightforward  matter  to  show  that 

(C,  -  Dt  +  1)2  -  2(C,  -  D,  +  ^)  +  D,  +  2iD,  =  0 

112        112     1-2     ^2.19) 

(D2  -  Cg)^  i  |(D2  -  C2)  -^  3^  -  ^D,  T  |d2  =  0   .  ^^^^^^ 

Since  D,  and  Dp  commute  with  the  M's  and  y's  they  are  represented 

by  scalar  matrices  in  T   : 
"  'm,n 

D^  =  -  2[m(m  +  1)  +  n(n  +  DJ-I  (2.21) 

Dg  =  ljm(m  +  1)  -  n(n  +  l)[l   ,  (2.22) 

where  I  is  the  ^(2m  +  1) (2n  +  l)-dimensional  unit  matrix.  Con- 
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sequently  (2.19)  and  (2.20)  are  simply  equations  for  the  eigen- 
values of  C,  and  Cp.  The  eigenvalues  of  C,  and  Cp  are  as  fol- 
lows, 

-  zUm   +  i)  (m  +  |)  +  n(n  +  1)|  i  j(ra  +  1)  (m  +  |)  -  n(n  +  1)^ 

-  2{(m  -  |)(m  +  |)  +  n(n  +  1)|  i|(m  -  |)  (m  +  |)  -  n(n  +  l)j 

-  2|m(m  +1)  +  (n  +  i)(n  +  |)i  ljm(m  +1)  -  (n  +  |)(n  +  |)| 

-  2|in(m  +  1)  +  (n  -  |)(n  +  i)l  i[m(in  +  1)  -  (n  -  |)(n  +  |)j 

Since  every  irreducible  representation  of  '*.j>   is  character- 
ized by  a  pair  of  eigenvalues  for  C-,  and  Cp   we  see  from  the  pre- 
ceding table  that 

rJ:'  =Ai     ff)Ai     ®A      i©A      1- 

*      m+^,n      m-5",n      m,n+^      in,n-^  • 

(2.23) 
The  infinitesimal  operators  Kp.,  Kot»  ^^^  K,p  generate 
mb-algebra  (Vi,  of  X.-->   which  is  the  Lie  algebra  of  the  3-dimensi< 


a 
suD-aigebra  ui,  or</— ■?  which  is  the  Lie  algebra  or  the  3-dimension- 
al  rotation  group.  Let  us  denote  the  (2j  +  1) -dimensional  irre- 
ducible representation  of ''y  6  by  A..   Then  if  A    is  the  repre- 
/J  ~^J  ^-^m,n 

sentation  of  (/u    subduced  by  the  representation  A  „  of  >--' ,  we 

"^       ^  '— *m,n       ' 

see  from  the  Clebsch-Gordon  expansion 


f„\  m+n 

Ai  ;  =   ^^~'  A,    ,  (2.2U) 
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together  with  (2.23),  (2.5),  and  (2.1),  that  the  wave  equation 

(2.1)  will  in  general  describe  multiple  spin  particles. 

We  want  to  show  that  now  the  irreducible  representation 

P   can  be  chosen  in  a  form  such  that  the  subduced  representa- 
'm,n 

tions  of  bothoC.  and  f Jx,  are  completely  reduced  and  such  that 


K 


t  = 


-  K 


J   = 


y    or  K^  =  .  K^^ 


(2.25) 

(2.26) 
(2.27) 


VJe  shall  subsequently  refer  to  this  as  the  C.R.  (completely  re- 
duced) form  of  r   or  as  the  C.R,  representation. 


'm,n 


One  form  of  P  r,  ^^  given  by  (2.13)  and  (2.II4.)  where 


,(m,n) 


'm,n 


(M  )  can  be  chosen  as  follows: 


D("^»n)(M)  =  -  i(a^^^  (5:,  i(^^  +  i^"^^  (x)  a-("h  (2.28) 

D(^»")(/yf)  =  -  (0^^™)  @  l(")  -  I^"^)  (5)  G-^^^)  ,  (2.29) 


where  0    is  the  irreducible  (2m  +  1) -dimensional  spin  vector 
matrix,  and  I^^'  is  the  (2m  +  1) -dimensional  imit  matrix.   Since 
0"^"^^  is  hermitian  we  see  that  D^'^*"^  (M)  is  skew  hermitian  and 
p(m,n)^/|^|j  is  hermitian.  Since  the  U  x  i|.  Dirac  y's  can  be  chosen 
to  satisfy  (2.2?)  we  see  that  D(Yp^)  given  by  (2.13)  can  also. 

Thus  r    in  the  unreduced  form  (2.13),  (2.1^)  can  be  chosen  to 
'm,n 

satisfy  (2.25)  -  (2.27).   Let  us  consider  now  the  K   in  reduced 


up -3    6  X' I  •'•■.' 


nc  - .  ^ 


dBjrfC^ 


,    ) 


..•:.,S) 


n  -ei*/ 


•10 


-ftrt    \:fsJdIqmOO)    ,;":.C;    ©r't    2S    2.:-^-';    r: 


♦  nox-jx- 


«^  ":;  ^      *  Ja» 


'isdw    (iiX.S.) 


li: 


f^fxO 


(BS.^)      ( 


(n) 


(i-: 


-■  /       »,       V 


t  +• 


(a). 


'^ 


\' 


-    ^^'I    ^^    ^^"'0) 


1o^.0'-?^'  al.r-  '-i^inewib--^ 


-xiict^rrs  c^inu 


"  ::StT- 


o:t  risaorlo  od  .\fio    (.u.r.  "' 


:;r.'  ■ 


.  >    o  ■>a 


'  f-  ■<  t   ,. 


. -Ci::    ;x 


£-.1-     U-. 


(in!... 


form.   The  irreducible  components  of  iy  are  of  the  form  (2.29) 
(with  different  indices)  and  therefore  satisfy  (2.26).   The  irre- 
duclble  components  of  K  are  -  i  times  spin  matrices.  Since  spin 
matrices  are  hermitian,  K  satisfies  (2.25)  •         The  ques- 
tlon  now  is  whether  the  transformed  y's  satisfy  (2.27).  Since 
the  K   »s  are  all  either  hermitian  or  skex'j  hermitian  in  both  the 
reduced  and  unreduced  form,  it  follows  that  the  transformation 
matrix  U  can  be  chosen  to  be  unitary.  Since 


(Uy  U"^)*^  =  UyV^  =  Uy^U'^  (2.30) 


It  follows  that  (2.27)  holds  in  the  transformed  representation, 

3,  Time  Reversal 
We  shall  now  show  that  there  is  a  i4-(2m  +  1)  (2n  +  1) -dimen- 
sional, unitary,  time  reversal  matrix  T  such  that 


TT-"-  =  (-  i)2i"+2n+lj  (3.1) 

T-ly^T  =  y'"  (3.2) 

T'^KT  =  K"  ^  (3.3) 

or  T-^K  T  =  K^^^^■ 

T-^KT  =  -C  (3.1J-) 


§ 

where  the  C.R.  form  of  f^  ^  ^^  used.  Equation  (3.1)   assures 


§.   It  should  be  made  clear  that  (3.1)  is  a  consequence  of  the 
other  requirements  on  T  and  is  not  itself  a  requirement. 
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that  two  time  reversals  (where  tj/»  =  Ti]/  )  return  a  state  to  its 
original  value.  The  numbers  m,  n  characterize  the  irreducible 
representation  f       ,     Equation  (3*2)  assures  the  covariance  of 
the  wave  ecuation. 

To  prove  the  existence  of  T  we  first  observe  that  the  two 
sets  of  matrices  ';Yx>K,j<,[  and  -j  y  ,K'\~I^  I   satisfy  the  same  com- 
mutation relations.  Since  they  also  have  the  same  Casimir  opera- 
tors they  must  be  equivalent.  Again  since  the  K' s  and  y's  ^re 
either  hermitian  or  skew-he rmiti an  the  matrix  T  transforming  one 
set  into  the  other  can  be  chosen  to  be  unitary.   If  N  denotes  a 
generic  element  of  the  set  \x-.fK,yil  then 

T'-'-NT  =  e(N)N"'         e  =  +  1  (3,5) 

from  which  it  follows  that 

[tt'"',n]^  =  0  ,  (3.6) 

By  Schur ' s  lemma 

TT'-'"  =  AI   ,  (3.7) 

§ 
and  since  T  is  unitary  and  A  real 


§.  Multiplyiijg  (3,7)  on  the  left  by  T'  and  on  the  right  by  T 
one  has  T'"'T  =  AI,   Taking  the  coraplex  conjugate  of  this  and 
comparing  with  (3*7),  one  finds  A"^  =  A, 
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X  =  +  1  .  (3.8) 

lie  shall  now  construct  the  operator  T  and  show  that 
X  =  (-  i)2m+2n-fl^ 

It  will  be  convenient  to  introduce  in  addition  to  the  C.R, 
representation,  a  representation  of  the  M  's  and  Yj^'s  of -the  fbm  (2.13)- 
(2. 34)  and  (2.28) -(2.29), v;hich  we  shall  denote  by  primes,  such  that 
the  matrices  y-!  are  real,  y!  (i  =  1»2,3)  are  symmetric  and  yA  is 
anti-symmetric. 

The  operators  M'  are  chosen  so  that  M'  and  M'  are  imaginary 
and  syiiimetric  and  M'  is  real  and  anti-symmetric.  Furthermore 
1'/  *»  fl}-l   ^^®  real  and  symmetric  and  (fL  is  imaginary  and  anti-sym- 
metric. Because  of  the  herraitian  character  of  the  N»s,  a  unitary 
operator  V  exists  such  that 


VNV"-'-  =  N»   .  (3.9) 


Prom  (2.1i4-)  and  the  Clebsch-Gordon  expansion  (2.2i^.),  it  is 
seen  that  the  eigenvalues  of  iMp  are  all  integers  if  both  m  and 
n  are  integers  or  half-integers  and  are  all  half-odd-integers  if 
one  of  the  pair  m,  n  is  an  integer  and  the  other  a  half-odd-in- 
teger. Consequently,  we  see  that  the  eigenvalues  of  the  square 
of  the  operator 

D  =  e   2  (3.10) 

are  all  one  in  the  first  case  and  minus  one  in  the  second  case. 
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Hence 


d2  =  (-  i)2m+2nj   ^  ^3^;^!) 


Furthermore, 


D-^  =  e  2 
D'""  =  D 


(3.12) 


From  the   comrautation  rules   for  M'      and   the  symmetry  properties 

[IV 


of  M  and  7//  , 


mi       -TiMJ 


D^M^^D  =  e     ^M^^e        ^   =   -  M'*^  =  M'^"^'^      .  (3.13) 


We  maintain  that  the  operator  f  given  by 

T  =  V^Dy^Y^Y^V"^^  (3.14) 

satisfies  (3.1)  -  (3.I4.)  as  can  be  proved  by  direct  calculation, 
using  the  properties  of  D  and  the  real  y'  matrices. 

We  shall  nox^  show  that  the  operator  T  is  tinique  within  a 
phase  factor,  i.e.,  if  T,  and  Tp  are  any  two  unitary  operators 
satisfying  (3.2)  -  (3.4),  then  T^  =  e^^T^.  From  (3.2)  -  (3.4), 
it  follows  that 

[t-^T2,n'"']^  =  0  .  (3.15) 

Since  N  is  an  irreducible  set, 
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Tg  =  XT^   .  (3.16) 


Since  Tp  and  T,  are  unitary,  A  must  be  a  phase  factor.  Hence 

Tg  =  e^^T^  (3.17) 


where  (j)  is  arbitrary.  Hence 

T  =  e%  (3.18) 

and  T  satisfies  (3.1)  also, 

I4.,  Space  Inversion 

The  theory  as  developed  so  far  does  not  in  general  possess 

a  space  inversion  operator.  There  are,  however,  some  cases  in 

which  it  does.   These  cases  are  characterized  by  having  f" 

'm,n 

equivalent  to  j"'"'  ,  i.e.,  [1^=  (71*.  A  necessary  and  suffl- 
cient  condition  for  these  cases  is  m  =  n. 

Under  such  circuiastances  (m  =  n)  we  can  find  a  unitary,  her* 
mitian  space  inversion  matrix  S  such  that 


s2  =  I  (1^.1) 

Sy^s  =  -  yJ  =  -  y^  (i^.3) 


and   \|/»   =  S\|/    (vjhere   the   C.R.   form  of    F        is   used).      The   first 

'm,n 

equation  assures  the  return  of  ^   to  its  original  value  after  two 
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inversions,  and  the  third  assures  the  covariance  of  the  wave 
equation. 

To  prove  the  existence  of  such  an  S  we  first  observe  that 
the  two  sets  of  matrices  1k"  »y5[  [and  1-  kJ^^,-  yJ  j  satisfy  the 
same  commutation  relations  and  have  the  same  Casimir  operators. 
They  are  therefore  equivalent.  Since  1^  ^^  =  Im  n*  ^^   follows 
that  the  two  sets  j^  »Y;y(^"^  \"  -^uv*  "  yJ  [  ^ire  equivalent.  We 
again  see  that  the  transformation  matrix  can  be  chosen  unitary. 
Hence  (letting  N  denote  a  generic  element  of -^K  ,Y;»^^P  we  see 
that  there  is  a  lAnitary  matrix  S'  such  that 


S«NS» 


-^  =  -  N^   .  (k.k) 


Prom  this  it  follows  that 


and  hence  that 

S»^  =  M   .  (I+.6) 

Since  S'  is  unitary  |x|  =  1.  We  then  define  S  by 

s  =  A-^/2s»  .  (i^.7) 

We  note  that  S  is  hermitian. 


av/r-^j   '> 


.;  ^   f  '"^  f>  •  . 


■-■tdvai 


*  ■»<  1 


■s:i    erii 


V  C1J.J 


:<  ^">  f5  f?  ■ 


(T-il) 


'■3  o.^r' 


•x.-:«r. 


7,=J£i1     ~!,0- 


j     •!)  /;  jIj 


(ijii^f 


'•VI 


f^->     .i- 


ir:d^   avolLt 


('5  ;.;*>■ 


,       U 


vd 


r 


ooniii 


.«V>  rt  J^ 


©.tea  aW 


15 


For  later  purposes  it  vjill  be  useful  to  give  an  explicit 
construction  for  S, 

We  recall  that  if  A  and  B  are  any  two  square  d-dimenslonal 

2 

matrices,  then  there  exists  a  d  -dimensional  permutation  matrix 

^'     such  that 

(p-^A  ®  BCP=  B  ®  A   .  (1^.8) 

It  is  important  to  note  that  (P  depends  on  d  and  on  the  ordering 
of  the  rox^s  and  columns  of  the  Kronecker  product  but  not  on  A 
and  B, 

VJe  recall  further  that 

(4.9) 

(U.IO) 

VJe  now  let  (p^^^  be  the  (2m  +  1)   dimensional  permutation 
matrix  which  transforms  ^^"^    ®  I^""^  into  I^""^  (x)  a^"^^  and 
6  versa.  Letting  (p'  =  (^^^    (x)  I    we  have 
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^''V,v'^'  =  M'^^  .  (U.13) 


[iV- 


The  space  inversion  operator  is  then  given  by 


S  =  +  1  V^^ty^V   .  ik.lk) 


It  should  be  noted  that  ^»  is  real,  p^^  =   I,  and  (p^ 
coiranutes  with  Ya» 

It  can  easily  be  shown  that  S  as  given  by  (t}.,lii.)  satisfies 

(ij-.l)  -  (U»3)  •   It  can  also  be  shovm  that  if  S'  is  another  her- 

mitian  matrix  satisfying  (t|..l)  -(i|..3)  then  S»  =  +  S, 

In  case  fl  ^  ?^  !",''>   we  construct  a  new  theory  with  twice 
n,n   'm,n  " 

the  dimension  of  the  original.   Let 


Yx  = 


Ya 


o\ 


Yx/ 


(4.16) 


/A  A 

and  let  \J>  be  a  wave  function  transforming  under  K 


5^   =  -  ^CD^'^K^^t  (1+.17) 

and  satisfying 


{r„V^  +  m)^  =  0  .  (U.18) 
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We  now  shovj  that  there  exists  a  unitary  herrnitian  space  in- 
version matrix  S  such  that 


S*^  =  I  (I;. 19) 

^V  =  -  yJ  =  -  Y^   »  ^^-21) 

where  I  is  the  identity  in  the  doubled  space.  Since  the  two  sets 
Ik  ^,Yx  I  ^^^  l"  K  V*  "  yI  f satisfy  the  same  commutation  relations 
and  have  equivalent  Casimir  operators  they  are  equivalent.  Hence 
there  exists  a  unitary  S«  such  that 


-^   A  A     -1  '^  i    ' 

S'NS'"-^  =  -  N'   .  (11-.22) 


B^^  r;^n  f^   r^'l^   implies  (Kj^v'Yx)  ^^  ^°t  equivalent  to  [-^v'"  ^tj 


s'  =f    ^  (I;.23) 

Ag  0  / 


From  (I|..22) 


rt. 


A^N  =  -  N''""''a2   .  (i;.25) 


Furthermore,  since  the  operators  N  are  either  herrnitian  or  anti- 
hermitian  we  write 
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18 
N'  =  p(N)N  (J4-.26) 

where  p(N)  =  +  1.   Prom  ik-^k)    -    (^.26) 

Hence 


A^A^  =  AI   ,  (i4..28) 


A 

Prom  the  fact  that  S'  is  unitary 


At   =  A-^ 
^1        ^1 


Hence 


and 


(U.29) 


Ag  =  mJ  =  ?iA~^  (I|..30) 


S»2  =  \I      ,  (i^.31) 


From  the  fact  that  S'  is  unitary,  it  follows  that 

\  =  e-2i®     .  (I;. 32) 

VJe  define   the   space   inversion  operator  by 
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S  =  e^^St  = 


0 


ei^A. 


(i;.33) 


Clearly  S  is  hermitlan  and  unitary  and  satisfies  (I;, 19)  -  (i|.,21) . 

A 

It  will  be  useful  to  virite  S  explicitly.  We  maintain  that  a  ma- 
trlx  S  which  satisfies  the  requireraents  for  S  is 


-    / 
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Let  us  consider  any  other  hermitian  matrix  S  which  satisfies 
(i|..19)  -  (1^.21).  Prom  the  fact  that 


[SS,N]   =  0 


(i^.35) 


we  see  that  S  must  have  the  form 


'  ='  r^«At 


e^^A 


(if.. 36) 


where 


A  =  iV'-'-Dy^V' 


(i;.37) 


and  ©  is  thus  far  arbitrary  but  i;lll  be  fixed  later. 
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5»  Time  Reversal  and  Space  Inversion 
It  will  be  useful  to  obtain  relations  betv/een  the  time  re- 
versal and  space  inversion  matrices. 

Let  us  first  consider  the  undoubled  theory  in  which  the  re- 
presentation is  equivalent  to  its  complex  conjugate.   On  using 
(3.18)  and  (3.1^1-)  for  T  and  (ij-.llj.)  for  S  we  can  calculate  expli- 
citly 


T'^ST  =  S*"'  ,  (5.1) 


For   the   doubled   theory  v;e  vjrite 


A 
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=  (:  ;>) 


(5.2) 
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VJe   should   like   to  obtain 


T  -^ST  =  S''  (5.3) 


in  order  to  have  invariant  Lagrangians,   Tov/ard  this  end  we  set 
the  hitherto  arbitrary  angle  e  equal  to  4  and  find  that  (5»3)  is 
satisfied, 

6,  Bilinear  Covariants 
Let  us  now  consider  theories  possessing  space  and  time  in- 
version transformations  vrhich  satisfy  (5»1)  or  {S»y)    and,  as 
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mentioned  previously,  disregard  the  fact  that  may  have  come  from 
doubled  theories. 

By  using  the  space  inversion  transformation  matrix  S  we  can 
now  easily  form  bilinear  covariants.  Thus  \jr'S\|/  is  a  regular  sca- 
lar under  the  full  homogeneous  Lorentz  group,  and  il^'Sy  \|/  is  a  i^.- 
vector  of  the  second  kind  '   under  the  full  homogeneous  Lorentz 
group.  Consequently,  for  the  Lagrangian  L  we  can  take 


L  =  C'[\|/*S(y^V  +  ^)^   +  complex  conjugate]  ,    (6,1) 


where  C*  is  a  real  constant.  As  a  current  we  have 


J^  ^    (i'i'^SY^t)  (6.2) 


The  Lagrangian  (6.1)  leads  to  the  covariant  commutation 
relations 


[^(x),^(y)]  =  -  iC'-^(Y^Vj,  -  in)A(x  -  y)  ,      (6.3) 
t'!'(x),4'(y)]  =  0  (6.1+) 


where 


\F  =  ^"''s  .  (6.5) 


7.  See  M.  S,  Watanabe,  Phys .  Rev.  §k,    1008  (1951)  or  J.  M, 

Jauch  and  P.  Rohrlich,  Theory  of  Photons  and  Electrons  (Ad- 
dison-Wesley  Publishing  Co.,  Inc.,  Cambridge,  1955)  for  a 
definition  of  the  four  kinds  of  tensors. 
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The  Hamlltonlan 


«=  -  .J 


d^x  f(Y  ;  V  +  iii)t  (^'^^ 


then  satisfies  the  usual  requirement 


\|/  =  l[c!-e,i|/]^  .  (6.7) 

7»  Interaction  with  the  Electromagnetic  Field 

Again  we  shall  assiome  the  existence  of  S  and  drop  carats, 

^®^  "^  V  ~  "  '']  V  ^®  ^  ^®'''  ^-^  matrices  of  the  same  dimension  as  \^ 
satisfying 

^Uj=^lij    i  (^-2) 

%v^  ='4  =^1^''  ^'^•^^ 


(7*5) 


Equation  (7.6)  together  with  \.rof\j_   =  Y  and  (2.8)  leads  to  the 
additional  relations 
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For  the  interacting  field  we  can  then  take  the  Lagrangian 


^  ^  (7.9) 

+  complex  conjugate 


vohere 


D»^  =  V^-  iqi'l''^  ,  (7.10) 

q,  and  q^  are  real  coupling  constants,  C  is  a  real  constant,  and 

4  and  X^^  ^^6  the  respectively  potential  and  field  strength  of 

the  electromagnetic  field.   The  resulting  current  is 


J 


=  j1^^  +  j1^^  (7.11) 


X   ^X     JX 


where 


4"^^  =  f^  =  -  aiq^^C'if/tsY^t  (7.12) 

CTCp 

31"'  =  -  V^^^^  =  -  Uq^cY'V+s.,,,*   .   (7.13) 


The  equation  for  \Jf  is 
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6.  Charge  Con.iup;atlon 
Again  we  shall  consider  theories  v/ith  a  space  inversion  ma- 
trix and  drop  carats.  We  shall  show  that  there  exists  a  unitary 
matrix  C,  the  charge  conjugation  matrix,  such  that 


a- 


C"'C  =  I  (8.1) 

c"\c  =  r'l  (8.2) 

C"^TC"^  =  T'^  (8.1j.) 

c"^sc  =  +  s'""  ,                       (8.5) 


where  the  C.R.  representation  is  used  again.  If  ij/^  '  =  C\|;  then 
the  above  equations  assure  that  when  q^  =  0,  ^^"^ '  satisfies  the 
wave  equation  with  q.,  replaced  by  -  q,  (if  q,  is  real). 

To  prove  the  existence  of  C  we  note  first  that  the  two  sets 
1y;^*K  V  and  ]  Y^,K'"  1  are  equivalent,  so  there  exists  a  unitary 
C  satisfying 


C'%C  =  N'"'  (8.6) 


and  hence 
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23 
If  the  set  \y;i»K  y  I  is  irreducible  (i.e.,  is  not  doubled)  then 

CC*  =  M  ,  (8.8) 

where  X  is  real,  and  therefore  +  1, 

We  can  actually  construct  C  and  find  the  sign  of  X, 

In  the  undoubled  theory  a  unitary  operator  C  satisfying 

(8.1)  -  (8.5)  is  given  by 

C  =  V"^;f  tDV'"*  .  (8.9) 

Any  other  unitary  operator  C  v/hich  satisfies  (8.6)  is  given  by 

C  =  e^^G  (8.10) 


vjhere  a  Is  arbitrary.  This  result  is  proved  by  using  the  fact 
"•jNj^  =  0. 
It  is  easily  seen  that  (8.1)  -  (8.3),  are  satisfied.  Also 


[cc"\n]_  =  0, 


C"^SC  =  -  S'"'  .  (8,5a) 


To  obtain  (8.1].)  v!e   evaluate  C"  TC~  using  the  explicit  form 
of  the  operators 

C-^TC-^  =  -  e-2i(4-a)^-l   ^  ^g^^^j 

If  we  pick  a  =  (j)  -  5,  then  (8.14.)  follows. 
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In  the  doubled  theory,  every  operator  C  which  satisfies 
(8.1)  -  {Q.k)   is  of  the  form 

0   =  e^i°     J)  .  (8.2) 

Where  a  =  ^(2m  +  2n  +  1) . 

On  using  (i;.36)  and  (!4..37)  for  S  and  the  fact  that 
D'-^  =  (-  i)^^'*'^^j)   we  have  for  the  doubled  theory 

G"^SC  =  {-  i)(2m+2n+l)s-:^  (6.5b) 

In  order  for  qp-terms  in  equation  {7,22.)    to  behave  properly 
under  charge  conjugation  we  must  require 

"X"  =  -'^^v  •  '8-13) 

9,  Single  Spin  Equations 
In  this  section  we  shall  see  how  to  select  from  the  wave 
equations  (2.1),  (2.13),  (2.11^.)  equations  which  can  describe 
particles  of  a  single  spin.   Let  us  put 


s  =  m  +  I  (9.1) 

n  =  0  (9.2) 


so  the  decomposition  (2.23)  becomes 
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(9.3) 


We  shall  assume  that  0  Uis  in  completely  reduced  form  v/lth  the 
blocks  In  the  order  (9.3)  from  top  to  bottom.  Since  the  subdu- 
ced  representation  ^  |  -i   of  xl,  decomposes 


s-2'2 


(s) 


A^^S  =  As  ®    As-l 


O.k) 


^"2 '2 


we  shall  assume  that  the  subduced  representation  of  Ools  comple* 
tely  reduced  and  that  the  blocks  have  the  order  /\  /\  ,/\  ^, 

We  shall  now  shox-;  that  if  the  components  of  ^   transforming 
under  Ag  n  q  are  put  equal  to  zero  that  we  have  a  single  spin 
theory  describing  particles  of  spin  s .  To  do  this  we  shall  con- 
sider the  spin  of  energy  eigenfiinctions  in  a  rest  state,  so 

iPoxO 
\I»  =  ue   ^   ,  vjhere 


u  = 
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s-1 
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•/ 


(9.5) 


and 


-  IYqU  =  eu 


e  =  +  1  , 


(9.6) 


I'Je  shall  novj  show  that  u  ,  =  0,  For  this  we  first  note  that 
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[Yo»K]^  =  0,  so  that 
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(s) 
(s) 


(s) 
(s) 


A33I 


(s-1) 
(s-1), 


(9.7) 


where  the  X's  are  constants,  the  I's  are  unit  matrices,  and  the 
omitted  elements  are  zero •  Thus 


iYo^  = 


-  i 


^2A+^22^3 
^33^s-l 
\3^s.l 


=  e 


u. 


"^ 


u 


3-1 

0 


(9.8) 


Consequently  either  u^^^  =  0  or  X.  ^  =  0,   If  Xj^^  =  0  then  the 
set-(YrL»K  ..lis  reduced.  Since  [frs,  "^^J   =  Y  it  follox-JS  that  y 
is  reduced,  and  hence  that  the  entire  set  j Y^ ,K   7  is  reduced. 
Since  the  set  \rj.»^   v  5  ^^  irreducible  it  follows  that  Ug_^  =  0, 
and  hence  that  u  describes  particles  of  spin  s. 

This  scheme  of  setting  some  components  of  ^   equal  to  zero 
is  obviously  covariant  under  proper,  orthochronous,  homogeneous 
Lorentz  transformations.  The  variance  of  the  scheme  imder  im- 
proper transformations  is  not  so  obvious  and  requires  proof. 
Prom  (2.17),  (3.3),  and  (3.1^.)  v;e  find  that 


[T,C^]_  =  0 


(9.9) 


Consequently  T  must  have  the  same  block  form  as  the  K   's,  and 
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thus  if  the  last  (2s  -  1)  elements  of  ij/  are  zero  so  are  the  last 
(2s  -  1)  elements  of  T\J/''. 

Since  the  only  undoubled  theory  with  a  space  inversion 
transformation  is  the  Dirac  theory,  s  =  l/2,  vrhich  has  no  zero 
components,  we  shall  consider  only  doubled  theories  s  >  1/2. 
Prom  (2.17),  and  (lx,20)  we  find  that 

[S,C^]_  =  0   ,  (9.10) 


Since 
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we  find  that 


[A,C^]_  =  0 


from  which  it  follows  that  A  has  the  same  block  structure  as  K  • 


/  *l\ 
If  \|/  =  I  I   )  ,  where  the  last  2s  -  1  components  of  both  v|(,  and  \|;p 

are  zero,  then  il/{  and  \\iX   given  by  \!/'  =  svl'  =  '  ,|  /have  the  same 

property. 

Finally  the  simple  form  of  charge  conjugation  operator  (8,2) 
assures  us  that  the  last  2s-l  components  remain  zero  under  charge 
conjugation, 

10,  Single  Spin  Covarlant  Commutation  Rules 

Let  us  consider  a  complete  set  of  commuting  observables  con- 
sisting of  H  =  -  iYn(Y  •  V  +  "i)  f  -  iK  •  V>   P  =  -  iV»  and 
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other  hermitian  operators  which  can  always  be  chosen  so  that  they 
commute  with  the  operator  ISYa*  ^  simultaneous  eigenstate  of  all 
these  operators  v/ill  be  designated  by 

\i/(x|p,e,^)  (10.1) 

where  p  is  the  momentum,  e  is  the  sign  of  energy  and  ^  collecti- 
vely denotes  all  the  other  eigenvalues.  We  shall  separate  out 
the  x-dependence  in  the  usual  v;ay 


ip»x 

(271) 


1'(x|p,e,^)  =  .^^^3/2  ^(P>e.^)  (10.2) 


where  u  is  a  coliomn  vector. 

For  many  purposes  one  might  be  inclined  to  normalize  u  so 
that 


u'''(p,e,^)u(p,et,^t)  =  6g£,5^^   ,  (10.3) 


This  normalization  leads  to 

(10.4) 
r  (x|p,e,^)v!/(xlp»,e«,^t)d3x  =  5(p  -  P')5_,6   , 


However,  this  normalization  is  not  covariant.   It  can  be  shown 
that  the  following  covariant  normalization  is  possible  for 


iu(p,e,^)Y  u(p,e,^»)  =  X(e,^)p  5  (10.5) 
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where  here 


Pq  =  -  ew(p)  =  -  e  /p^  +  ra'^ 
u  =  u*  S 


"^ 


\ 


(10.5a) 


and  X(e,^)  is  an  invariant  function  of  the  arguments  which  can 
have  only  the  values  +  1  or  -  !•  This  fxonction  must  be  calcula- 
ted  in  particular  cases. 

We  have  also  an  orthogonality  relation 


u'^(p,e,^)SYoU(p,  -  e,^»)  =  0 


since  SYq  commutes  with  H.  Hence 


iu(p,e,^)Y°u(p,e»,^t)  =  eX(e,^)w(p)5gg,5^^,     (10.6) 


which  implies  the  completeness  relation 
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Let  u^^^(p,e,^)  and  u^®^(p,e,^)  be  the  single  spin  eigenfunc- 
tions,   (i.e.,  the  last  2s  -  1  coraponents  are  zero.)   Then  if 
\|/^^'(x)  is  a  single  spin  field  operator  satisfying  the  equation 
(Y^V^  +  m)v|;^^'(x)  =  0,  the  following  commutation  rules  are  co- 
variant. 
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where 


d(^)(x)  =.-^ 


u^^hp,e,^)u<^^p,e,^) 


(2ii)3  z,t  j  eX(e,^)  <.o(p) 

(10.9) 
•  oxp(lp^x  )  d^p  , 

Let  us  define  u^    '  as  the  spin  eigenfunctions  orthogonal 

(q) 

to  u^   .  These  are  the  reraaining  eigenftmctions  ;^rhlch  span  the 

f  s-1) 
space.  We  also  define  D^    '  in  a  manner  analogous  to  the  defi- 
nition of  D^^^  but  use  u^^"-"-^  instead  of  u^^^.  Then 


D^^hx)  +  D^^-^hx)  =  -  i(Y^V^  -  m)^(x)      (10.10) 

on  using  (10,7).  This  is  expected  from  (6,3). 

If  in  (10,9)  the  sumraation  is  taken  only  over  a  subset  of 
the  ^'s  then  v;e  obtain  a  function  D^  '  (x)  which  when  substitu- 
ted in  (10,8)  still  yields  covariant  commutation  relations. 

We  can  show  that  D^  '  is  a  causal  operator.  Consider  any 
8s-dimenslonal  column  vector  f(x).   It  can  always  be  split  up  in 
the  follovjing  way; 


f(x)  =  f^^^x)  +  f(^-^^x)   ,  (10.11) 

where  f^^'{x)    and  f^^~-^^(x)  are  superpositions  of  the  u^^^  and  u^^"^ 

eigenfunctions  respectively.  Since  the  operator  D^^^  transforms 

(s-1) 
the  u^    '  eigenfunctions  to  zero,  vje  have 
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=  I  D(x  -  x»)f^^^(x')dx»  . 

(10.12) 

Since  D  Is  a  causal  operator  when  it  acts  on  f^^'(x),  the  causa- 
lity of  D^^^  follows. 


11*  Example;   8=1 
A  set  of  matrices  y^,  K  ,  and  T  satisfying  the  desired  re- 
lations is  given  in  the  appendix. 
Since  the  Hamiltonian 

H  =  -  iYn(Y  •  V  +  ni)  (11.1) 

•  i"^,  fi^nd  -  iK  •  ^  all  commute,  we  can  choose  a  complete  ortho- 
gonal  set  of  vectors  which  are  simultaneously  eigenvectors  of  H, 
-  i  Y  and  -  iK  •  y.   Thus  \\i  =   ue    M-,  where 

K  •  pu  =  -  ip^u     (^  =  +  1,  or  0)   ,         (11.2) 

p  =  IpI  and 


rJ 


H(p)u  =  e^^        e  =  +  1  (11.3) 


and  6l>  =    ^p^   +  m   •     To  be    specific    let  us   append    some   indices   to 
u  so  u  =  u(p,e,^).     Also,   for  convenience   let  us   put 
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3k 
(Uj^(P,e,^),u^(p,e,^),u^(p,e,^))  =  e(p,e,^)  .   (11.1;) 
Then  equation  (11.2)  Implies  that 

P  X  e(P,e,^)  =  -  ipJ:e(p,e,^)   .  (11.5) 


r^  '^  /Xf 


Since  e(p,e,i^)  does  not  depend  on  e,  the  e  can  be  dropped.  In 
the  appendix  an  explicit  form  of  e(p,e)  is  presented  which  sa- 
tisfies  the  following  conditions: 


e*(p,^)  •  jg.(P,^)  =  1  .  (11.6) 

e(p,0)  =  p'^p  .  (11.7) 

e*(p,J:)  =  e(p,-  O      .  (11.8) 

e(-  P,  -  ^)  =  -  e(p,^)  .                   (11.9) 


Also  It  follows 
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The  eighth  rovj  of  the  wave  equntion  says 


3^1,   ati^    a^A    3^7 


Consequently,  since  p  =  ecO, 


,-. .  j-vta;''.;i'  n;:*ril 


*  P'\^  '  .  '-  t  "1 


(^.a) 


.      X  -^^    ^^ 


'V,ri' 


-'\ 


(B.II) 


aWCilOl     Cil     0  3fA 


OX».(X}       ,      X    +  =  U  ,       iC.qyjia 


r     -'.^i/f     ^     /.:.a 


j'j.    -    \t.,> 


•ps    :>w';nv 


_  e 


U7(p,e,i;)  =  -  p  .  e(p,^)   . 


35 

(11.12) 


If  we  put 


and 
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^7  =  V 
we  find  from  the  first  three  lines  of  the  wave  equation  that 


-  m^  =  ~  +  VV  +  iV  2  A   . 
,~j        c't  -^ 


(11.13) 


Consequently 


ie 


-  mu(p,e,^)  =  -  ie  We(p,^)  +  ~  p  p  •  e(p,?) 


60 


-  p  X  e(p,^) 


ie 


=  -  ie(a'.  -  e^p)e(p,^)  +  ^  p  p  •  e(p,2;)  . 


Hence 


ie 


ie 


u(p,e,^)  = 


t^(--  epOe(p,^)  -^,PP  •  e(p,^) 


e(p,^) 


1  £ 


P  •  e(P,^) 


/   (11. u^) 


(£x.i.:; 


(^,?.q),^.ij 


'jadi  lioxi/iui- 


yun   evi 


0       ♦•      \'^JJ^tiU\    £^- 


;V!i^ 


f<-r 


=  -£) 


A  s  yi 


■■J.-.?  ; 


<•«<.-;'  ^v     • 


q  q  .ii;  4.    (-.-'»;:-  ..   ^    (;:^ ,  ? . rj) j;ri 


<>3 


3/ 


)3l 


»      ! 


C  -.u, »  .ti!  / 


.;  "J/ 


36 

Instead  of  normalizing  u,  vje  have  normalized  e.  The  explicit 
forms  for  e  and  u  are  in  the  appendix. 

In  addition  to  the  bilinear  covariants  discussed  earlier, 
we  can  also  form  other  bilinear  covariants.   Let 

b  =  iiVo  -  2i  W  •  V  (11.15) 

let  P  be  any  8-dimensional  matrix  which  commutes  with  b, 

[b,r]_  =  0  ,  (11.16) 


and  let 


J  =  ^l/'^pbf^   ,       P  =  -  iYo   .  (11.17) 


Then  from  the  relation 


[b,K]_  =  -  2ifxV  ,  (11.18) 


and 


[b,')^]^.  =  -  ilV  -  bYoY  +  2'?/^,Vo  (11.19) 

which  holds  only  for  the  present  case,  we  find  that  under  the  in- 
finitesimal Lorentz  transformation  (2.3) 

6J  =  Iw^'VpbLK^^,  r  \Jl      .  (11.20) 
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Putting    r=  I  we  find  that  \!/"pb\J/  is   a  scalar  and  putting    F-  f^ 
we   find   that  \|/TpbY>^   is   a  ij.-vector.      Under   time   reversal 
\|f'pb\|f  — >    (\l/'pb\|/)    •     Consequently  Re(\j/ '  pb\jr)    is   a  regular  scalar. 
Thus  we  can  put 

2C'    L  =     (pb\lr)t(Y^^V^  +  rn)^  +     iCy^V^  +  in)\|/Mpb\Jf 

(11.21) 
This  Lagrangian  leads  to  the  correct  equation  of  motion  if  we 
cancel  b  from  the  Euler  equations.   The  usual  gauge  invariance 
techniques  for  deriving  currents  leads  to 


j,,  -  Re  i!/"^pbY>   .  (11.22) 


This  Lagrangian,  however,  is  not  satisfactory  for  introdu- 
cing the  electromagnetic  interaction  in  the  usual  way  because  it 
leads  to  a  second  order  equation. 

Incidently,  in  the  doubled  theory,  the  current  (11.22)  Is 

proportional   to   the  current   i\jf'SY  ^  v;here   S   is  the   space   inver- 
ts 

sion  operator. 

A  special  case  of  the  undoubled  theory  corresponds  to  neu- 
tral vector  meson  theory,  while  a  special  case  of  the  doubled 

8  Q 
theory  corresponds  to  the  charged  vector  meson  theory,   '^ 

To  obtain  the  neutral  vector  meson  theory  from  the  undoub- 
led equations  we  require  A  =  (\j/i  ,^c',^/)    and  V  =  \l/_  to  be  real. 


8,  We  should  like  to  thank  Dr.  M.  S.  Watanabe  for  suggesting 
this  identification, 

9«  A  special  case  of  the  theory  could  equally  well  be  identi- 
fied with  the  ordinary  pseudo-vector  meson  theory. 
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Then  we  take    (letting  ^  -   (^t,^o»^-3)) 

<w  X       tL        J 


E  =  Re   \lf 
and  }  (11.2i».) 

H  =  -  Im  \|f      . 

We  shall  now  write  the  Dlrac-like  equations  explicitly  and 
separate  real  and  imaginary  parts. 

The  first  three  undoubled  equations  give 


9A 

(11.25) 
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The  second  three  equations  are 


-  "^  =  -  §f  -^  Y  X  H 


3H  I  (11-26) 

0  =  #  ^  y  X  E   . 


The  seventh  equations  yield 

-  mV  =  Y  •  E  1 

j*  (11.27) 

0  =  V  •  H   . 

Finally  the  eighth  equation  is  the  Lorentz  condition: 
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On  writing 


H  =  (P^3,p3^,P-^^)   , 


equations  (11,25)  are  equivalent  to 


(11.29) 


^^v  =  V/v  -  VvV  (11-30) 


where  A     =  V» 


The   first   of  equations    (11,26)    and    (11.27)    can  be  written 


V%v  =  "^v  <^^-31) 


while   (11,28)    is 


V'^A.,  =  0      .  (11.32) 


Prom  (11,30),  (11.31)  and  (11,32)  one  obtains 


(V^V^  "  "^^)Av  =  0  (11.33) 


as  required.   One  could,  of  course,  have  obtained  (11,33)  direct" 
ly  from  the  Dirac  type  equation  in  the  usual  iiray  by  noting  that 
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all  components  of  \J/  must   obey  the  Gordon-Klein  equation. 

The   remaining   set  of  equations,   namely  the   second   set   of 
(11,26)    and    (11,25)    can  be  vjritten  as    the   set 


V^^Pvtv  ^  Vv  V^  Vh^F^v  =  0     • 


(11.31;) 


We   shall  now  introduce   the   doubled   theory  in  order  to  have 
a  space    inversion  operator  S   as   in  the  appendix. 
In  the   doubled   theory  let   \|/  be  written 


A    /  ^1  \ 


(11.35) 


where  \|/,  and  ijr^  are  eight  component  column  vectors  which  satisfy 


(Y^j,  +  m)^^  =  0     1 


(Y^^'V^  +  m)  11/2  -  0   , 


(11.36) 


and  where  the  last  component  of  each  column  vector  is  required  to 
be  zero.   In  analogy  to  the  undoubled  theory  let  us  write 
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To  obtain  the  neutral  vector  meson  theories  we  require  solu- 
tions of  (11.36)  such  that 
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At  =  A^  =  a 

Vi  =  Vg  =  V   .  J 

where  A  and  V  are  real. 
We  caji  show 


(11.38) 


I'P  =  f{  .  (11.39) 


Hence 


In  the  case  of  the  doubled  neutral  vector  meson  theory,  we 

can  show  that  the  current  j   — -  i\|/*"SY  ^l*  =  0, 

[I  [i 

To  obtain  the  charged  vector  meson  field  we  must  use  the 
doubled  theory  as  in  the  neutral  theory.  But  now  we  require  A 
and  V  of  (11. 38)  to  be  complex.   The  vectors  E  and  H  are  defined 
by  (11,14.0)  and  satisfy  the  same  equations  in  terms  of  A^  and  V 
(11,25)  -  (11. 3i;)  In  the  neutral  theory.   In  contrast  to  the  neu- 
tral theory  J  j^  0,  in  general. 

We  can  noxij  quantize  the  theory. 

For  the  charged  meson  field  v;e  have 
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Appendix  II 
List  of  Improper  Transformations 


S  =  +  iV'^^iP'Y'V      for  undoubled  theory, 
0 


0     e 


i*A^ 


S  =  I  I      for  doubled  theory, 

where 


A  =  iV'-'-DY^V^ 

C  =  -  ie^W'-^l'b'V*    for  undoubled  theory. 

l5(2m+2n+l)/f.  t^ 
0=6*^         ()   ^°^  doubled  theory, 


The  operators  D,  /O  »,  y' »  V   aro  defined  in  Section  3» 
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